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Abstract 



In 1938, Gini [3] studied a mean having two parameters. Later, many authors 
studied properties of this mean. In particular, it contains the famous means as 
harmonic, geometric, arithmetic, etc. Here we considered a sequence of inequalities 
arising due to particular values of each parameter of Gini's mean. This sequence 
generates many nonnegative differences. Not all of them are convex. We have 
studied here convexity of these differences and again established new sequences of 
inequalities of these differences. Considering in terms of probability distributions 
these differences, we have made connections with some of well known divergence 
measures. 
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1 Gini Mean of order r and s 



The Gini [3] mean of order r and s is given by 




r ^ s 

r = s 7^ • 
r = s = 




In particular when s = in ([I]), we have 





Again, when s = r — 1 in ([T]), we have 




(3) 
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The expression ([2]) is famous as mean of order r or power mean. The expression 
([3]) is known as Lehmer mean^. Both these means are monotonically increasing in r. 
Moreover, these two have the following inequality |2] among each other: 

B.(a.6)|<^^^"'^)' (4) 
^ ' ^ \> Lr{a,b), r < 1 ^ ^ 

Since E^^s = -E's.r; the Gini-mean £'^ .,(0,6) given by ([T]) is an increasing function in r 
or s. Using the monotonicity property [I], [Z], [S] we have the following inequalities: 

<E^2,-l < -E'-3/2,-l/2 < E^ifi < £'-1/2,0 

< E-l/2,1/2 < -£"0,1/2 < £^0,1 < -E'0,2 < -El, 2 (5) 

or 

E-3-2 <-E'-2,-l < -£--3/2,-1/2 < -£--1,0 < -£--1/2,0 

< -£-1/2,1/2 < -£0,1/2 < -£0,1 < -£1/2,1 < -£1,2 (6) 

Equivalently, let us write as 

K.2 <K-i < < (Ko = S_i = H)< 5_i/2 

< (Ki/2 = So = G) < Si/2 < (Ki = Si = A) < {B2 = S)< K2, (7) 

i^-2 <^-l < i^-1/2 < (i^O = 5_i = S") < S_i/2 

< (Ki/2 = So = G) < Si/2 < (Ki = Bi = A)< Si/2,1 < K2. (8) 

where H, G, A and S are respectively , the harmonic, geometric, arithmetic and the 
square-root means. We observe from the expression ([7]) that the means considered either 
are the particular cases of or of (E]), while in the second case we have we have a mean 
-£1/2,1 ; which is neither a particular case of nor of We can easily find values 
proving that there is no relation between S and -£1/2,1- Summarizing the expressions ([7]) 
and dH]), we can write them in joint form as 

Pi< P2<P3<H <P4<G<Ni< A <{P5 or S)< Pq, (9) 

where Pi = K_2, P2 = K_,, P3 = K_i/2, P4 = B_^/2, N, = By2, A = ^1/2,1 and 
n = K2. 

In P HO], the author studied the following inequalities: 

S < G < iVi < iV3 < A^2 < ^ < 5, (10) 

where 

N2{a,b) = 



or 




2 



and 



N3{a,b) 



a + V ab + b 



The expression Ns{a, b) is famous as Heron's mean. The inequahties ( TTOj) admit many 
non-negative differences. Bases on these difference the author [. . . ] proved the following 
result: 

< ^D^^n < Dag < ^D, 



D 



\DsH< 



^Dah < 



kDsG < Dag 



^AN2 



SA 



< < 



^DsNi < \Dsg 



^DsN2 < 4:Dan2 



where Dsa = S — A, Dsh = S — H, etc. Some applications of the inequalities (iTTl) can 
be seen in [6], [7]. 



(12) 
(13) 



Combining and ffTOj) . we have the following sequence of inequalities: 

Pi ^ P2^ P^^ H ^ P^^G ^ Ni ^ N-i^ A ^ {P5 oi S) ^ Pq. 
The inequalities f[T^ admits many nonnegative differences such as 



Ap(a, b) = bgtp 



ft 



a 



where 

9tp{.x) = ft{x) - fp{x), ft{x) ^ /p(x), Vx > 0. 

More precisely, the expression f[T^ and the function / : (0, 00) — t- 
us to the following result: 

fp^i^) ^ /P.(^) ^ fPsi^) ^ Mx) ^ fp,{x) ^ fGix) < hA^) 

^ fNsix) ^ fN2{x) < fA{x) ^ ifprX^) or fs{x)) ^ fp^x). 

Equivalent ly, 

2x 



given in f[T5]) lead 



(14) 



x(x^ + 1) ^ x(x + 1) ^ X (a/z + 1) ^ 



4x 




(15) 



In this paper our aim is to produce new inequalities for the difference of means arising 
due to inequalities given in f|T2|) . In another words we shall improve considerably the 
inequalities given in f|TT]) . For this we need first to know the convexity of the difference of 
means. In total, we have 77 differences. Some of them are equal to each other with some 
multiplicative constants. Some of them are not convex and some of them are convex. 
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2 Convexity of Difference of Means 

Let us prove now the convexity of some of the difference of means arising due to inequahties 
(fTTj) . In order to prove it we shall make use of the following lemma (ref. Taneja [•••])• 

Lemma 2.1. Let f : I C. IR+ — t- M &e a convex and differentiahle function satisfying 
/(I) = 0. Consider a function 

(l)f{a,b) = af , a,6 > 0, 

then the function (f)f{a,b) is convex in M^. Additionally, if f'{l) = 0, then the following 
inequality hold: 

b — 



Inequalities appearing in f[T^ admits 77 nonnegative differences. Within these we 
have the following two set of equalities with multiplicative constants: 

(i) Dp^.A = Dp^H = \Dah- 

(ii) -DP5P4 = DaNz = f-D^Afi = \Dag = '^Djy^^iy-^ = ^Dn^g = I-C'aTiG- 

Not all the differences of means appearing in fll2l) are convex. We shall consider only 
those are convex. It is easy to check that in all the cases, /(■)(!) = 1, i.e., g'tp(l) = 0,t > p. 
According to Lemma 2.1, it is suficient to show the convexity of the functions gtp{x), i.e., 
to show that the second order derivative of gtp{x) is nonnegative for all x > 0. 

1. For Dpgs(a, b): We can writeDpg5(a, 6) = b qp^^s {ci/b), where 

a;2 _|_ 1 /3;2 _|_ ]_ 

9p^s{x) = fp,{x) - fs{x) = 

This gives 



2 (2x2 + 2f^ -{x + 



(16) 



(x + 1)3 (2x2 + 

Since, S ^ A, this implies that ^ A\ i.e., (^^^^ - {^f > 0. This gives 
2 (2x2 ^ 2)^/2 _ (3. + ^ Q r|nj^^g ^^^^ ^pgs(x) ^ for all x > 0. 

2. For DpgN2(a, b): We can write Dp^N^{a,b) = bgp^jy^ (a/b), where 



. , r , , r , , 4(x2 + l)-v/2^T2(v/^+l)(x + l) 
9p6N2{x) = fpAx) - fN2{x) = 



4(x + 1) 
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This gives 

. , , {x + lf{x^l^ + l) + lQx^l^{2x + 2f^ ^ n w . n 

9p,N,Kx) - 4^3/2(^ + 1)3(2^ + 2)3/2 > U, Vx > U. 

3. For DpgNala, b): We can write Dp^isf^{a,b) = bgp^Ns {o./b), where 

. . „ . . „ . . 2{x^ + l)-^{^+lf 

gPeNAX) = fpAx) - fNAx) = 3(^Tl) ■ 

This gives 

,, , , A8x^^^ + (x + lf 
^-«-3(-) - i2,3/2(, + i)3 > 0' > 0. 

4. For DpgNi(a, b): We can write Dp^Niiajb) — bgp^Ni (d/b), where 

3(a:^ + l)-2v/i(a: + V^+l) 

This gives 

9UM= 8.»/^(.Vip ^°-^->°- 

5. For DpgG(a, b): We can write Dpf.G{a,b) — bgp^ciO'/b), where 

+ 1 

gPeCix) = fp^{x) - /g(x) = - y/x 

x + 1 

_ (v^-l)'(x + V^+l) 



This gives 



x + 1 



„ , , 16x3/2 + (x + 1)3 
9"pA^)- 4.3/2(.Vi)3 



6. For DpgP4(a, b): We can writeDpgP4(a, fo) = bgp^p^ {<^/b)^ where 

gPePAix) = fp^{x) - fp,{x) = - 2 

(Va: + 1) 

_ (a; + 1) (x^ - 4x + 1) + (a;^ + 1) 

This gives 



{x+l){^+lf 



„ ,, 2[3(a;3 + l) + 17x(x+l) + 2Vi(a:' + 6a: + l)] ^ 

gkpA^) = — ^ ^ -A — - — ^5 > 0, Vx > 0. 



7. For DpgP2(a, b): We can writeD p^p^{a,b) = bgp^.p^ {d/b), where 

{x - if (x^ + X + 1) 



{X + 1) + 1) 



This gives 



„ , , 2 (x^ + 15x^ + 16x3 + 15a;2 + 1) ^ ^ 
9PePA^) = ^ . . -xS. o . -..3 > 0, Vx > 0. 



8. For Dpgp^(a, b): We can write Dp^p^[a,b) = bgp^p^ {a,/b), where 

{x - if {x^ + 1) 



QPePiix) = fPeix) - fp,{x) = 



(x + lf 



This gives 



2{x' + l) 



((x — if — x^ + x^+ 
+ (x — 1)'' + X (x — if 



+ 8x3 



(x3 + 1)3 

9. For DpgA(a, b): We can write DpgA(a, 6) = bgp^Aia/b), where 

x+l\^ x+1 



> 0, Vx > 0. 



(x + 1) (v/i - 1)' 



yx + 1 



2{^+iy 



This gives 



4Vi (x/i-l)' + ^ +(x-l)' 

g'kAi^) = ^ — . ^ ..4 > 0, Vx > 0. 



2x3/2(^+1)^ 

10. For DpgNala, b): We can write Dp^Niif^^^) — ^9p5N2 (ci'/b), where 



gP^N^ix) = fp^{x) - jN^ix) = 



X + 1 

v^+1 



\/i+ 1 



x + 1 



This gives 



8 ( Vx + 1) x3/2 {x + 1) V2x + 2 ■ 

(V^ + 1)^ (x3/2 + 1) + 4v/2^T2 (x + 1) X 



X 



X 



4^^ ((V^ - 1)' + V^) + (x - 1)'] 



> 0, Vx > 0. 
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11. For DpgN3(a, b): We can write Dp^N^{a,b) = bgp^^^ (O'/b), where 

X + 1 \ ^ X + ^/x + 1 



x + 1 



(Vi- l)'(2x + 7^ + 2) 
2(V^+lf 



This gives 



a" (x) - 7(v^-lf (^ + 6v/^+l)+40x ^ ^ ^ ^ 
9p.Ns{^)- i2a;3/2(^+i)^ > 0, Vx > 0. 



12. For DpgNi(a, b): We can writeDpgAr^ (a, 6) = bgp^^^-^ (a/6), where 



2 2 

X + 1 \ / \/x + 1 



This gives 



,^/x+l 

{^-if {3x + 2^ + 3) 
4(v^+l)' 



13. For DpgG(a, b): We can write Dp^G{o,,b) = bgp^^c i^i'/b), where 

9p,g{x) = fp^{x) - faix) = (^-^J-^^ - Vx 

^ (v/^-l)'(x + y^+l) 
(V^+1)' 

This gives 

„ , , 3 r4Vi(a; + 1) + (x-lf] 
g'Laix) = ^ ^ ^ — ' ^ > 0, Vx > 0. 

y^sG^ ^ 4x3/2(^+1)^ 

14. For DpgH(a, b): We can write Dp^H{o,,b) — bgp^n (O'/b), where 

x + 1 \^ 2x 



gp^Hix) = fp^{x) - fuix) 



Vx + iy x + i' 



This gives 



2x3/2(x + lf (v/^+lf 



IX + 1) [(x- 1)V 16x2] + 



' +4V^[(x + l)V2x(x2 + 6x + l)] )>0'^^>0- 



15. For DpgPg(a, b): We can write Dp^p^{a,b) = bgp^p^ (|), where 



9P5P3 = fPsi^) - fpA^) 



X +1 \ X (^/x + 1) 



This gives 



where 



Sl[X 



{y/x - if {x^ + ^Sx + s/^+l) 

(V^+l)(x3/2 + l) ■ 



a'kp.i^) = , (30) 

^^S^3V ; 4x3/2 (x3/2 + 1)3(^+1)' ^ ' 



2x^ + 2x^/2 _ 27a;4 + 75,^7/2 _ I23x^+ 
+198x^/2 _ 123x2 + 75x3/2 _ 27^ + 2 + 2 



Now we shall show that Si(x) > 0, Vx > 0. Let us consider 

(+\ _ (^2-. _ f 2t^° + 2f - 27t^ + 75f - 123f+ 
lii{t) -si{t )-\^ ^^gg^5 _ ^23^4 ^ 75^3 _ 27^2 + 2t + 2 

The polynomial equation h{t) — of 10*'^ degree admits 10 solutions. Out of them 
8 are complex and are given by 

0.002340265888 ± 0.6477415967 /; 0.005577710358 ± 1.543805357 /; 
0.4030868619 ± 0.2323740013 /; 1.862033520 ± 1.073436573 /. 

The real solutions are —5.359491864 and —0.1865848527. Both these solutions are 
negative. Since we are working with t > 0, this means that there are no real 
positive solutions of the equation hi{t) = 0. Thus we conclude that either hi{t) > 
or hi{t) < 0, for all t > 0. In order to check it is sufficient to see for any particular 
value of hi{t), for example when t — 1. This gives hi(l) = 56, hereby proving that 
hi{t) > for all t > 0, consequently, Si(x) > 0, for all x > 0. Finally, we have 

g'kp,ix)>o,yx>o. 

16. For DpgP2(a, b): We can write Dp^p^{a,h) — hgp^p^ (|), where 



_ (x+1) (x3/2-l)' 



X + 1 \ X (x + 1) 



^/x + lJ x2 + 1 



{^+lf{x^ + l) 



This gives 



^^5^^(^)-2x3/2(x2+'lj'3^^^^^4, (31) 
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where 



S2{x) = 



^8 ^ 4^.15/2 _ g^7 _ 12^6 ^ ^4^5 ^ 92^9/2 + 

+102a;^ + 92a;^/2 + ;L4a;3 - 12x2 - 6x + 4^ + 1 



Now we shall show that S2{x) > 0,\/x > 0. Let us consider 



h2{t) = S2(t') 



/ ^16 4^15 _ g^l4 _ ^2^12 _^ ^4^10 ^ 92^9^ 

1^ +102^^ + 92t^ + 14^6 - 12^4 - + 4t + 1 



The polynomial equation h2{t) = of 16*'* degree admits 16 solutions. Out of them 
14 are complex (not written here) and two of them are real given by —5.230974171 
and —0.1911689806. Both these solutions are negative. Since we are working with 
t > 0, this means that there are no real positive solutions of the equation h2{t) = 0. 
Thus we conclude that either h2{t) > or /i2(t) < 0, for all t > 0. In order to 
check it is sufficient to see for any particular value of h2{t), for example when t — 1. 
This gives /i2(l) = 288, hereby proving that h2{t) > for all t > 0, consequently, 
S2{x) > 0, for all x > 0. Finally, we have gp^p^{x) > 0, Vx > 0. 

17. For Dpgp^(a, b): We can write Dp^p^{a,h) = bgp^p^ (|), where 



f X^ + 2.T^/2 ^ 4^^3 ^ 4,^5/2^ 

\ +4a;2 + 4x^/2 + 4x + 2a/x + 1 




X (x^ + 1) 

X3 + 1 




(V^+l)'(x3/2 + l) 



This gives 



(32) 



4 ' 



where 



Si{x) 



/ .Xll + 4x21/2 _ g^lO + 4^19/2 ^ ^9 _ 12a;17/2_ \ 

-45x^ - 36x^^/2 + 30x^ + 144x^3/2 ^ gg^e^ 
+48x^1/2 + 99x5 ^ 144x^/2 + 30x^ - 36x^/2- 
\ -45x3 - 12x^/2 + x2 + 4x^/2 - 6x + 4:^/x +1 J 



Now we shall show that S3(x) > 0, Vx > 0. Let us consider 



I ^22 ^ 4^21 _ 6^20 ^ 4^19 ^ ^18 _ I2tl7_ \ 

-45^1^ - + + 144ti3 ^ gg^ia^ 
+48t" + 99^1° + 144^9 + 30t^ - 36t^- 



\ -45^6 - 12^5 + + At^ -6^2 + 4^+1 y 
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The polynomial equation /i3(t) = of 22'"^ degree admits 22 solutions. Out of them 
20 are complex (not written here) and two of them are real given by —5.269597986 
and —0.1897677968. Both these solutions are negative. Since we are working with 
t > 0, this means that there are no real positive solutions of the equation /i3(t) = 0. 
Thus wc conclude that either h^{t) > or /i3(t) < 0, for all t > 0. In order to 
check it is sufficient to see for any particular value of /i3(t), for example when t = 1. 
This gives /i3(l) = 416, hereby proving that /i3(t) > for all t > 0, consequently, 
S3{x) > 0, for all a; > 0. Finally, we have gp^p^{x) > 0, Vx > 0. 

18. For DsP4(a, b): We can write Dsp^{a,b) = hgsp^ (f), where 



gsp^ = fs{x) - fp,(x) = \l - 2 ■ 

^ {^x + 1) 

This gives 



V^(V^+ 1)^3(2x2 + 2)'/' 
9spS^) = ' ^, r- ..4.^ o ^.3/2 ' > 0, > 0. (33) 



V^(V^+l)'(2x2 + 2)='/' 

19. For DAP4(a, b): We can write DapS^-,^ — bgAP^ {O'/b), where 

9AP,{x) = fA{x) - fp,{x) = - 2 - 

^ ( V^; + 1) 

This gives 

g%S^) = ^ > 0, > 0. (34) 
^/x [^/x + 1) 

20. For DsA(a-, b): We can write DsAi^jb) — bgsA (O'/b), where 



gSA{x) = fs{x) - fA{x) ^ + 1 ^ + 1 

This gives 

gsAix) = V > 0, Vx > 0. (35) 

^^^^ ' (x2 + 1) V2x2 + 2 ^ ' 

21. For DsN2(a-, b): We can write DsN2{<^ib) — bgsN2 {(^/b), where 



gsN2[x) = JsKx) - JN2KX)- 



This gives 



q'^nSx) = ■ X 

""^"^'^ ' 8x3/2 (^2 + 1) (a; + 1) V2x2 + 2^2^+2 



X 



( V2x^2{x^l^ + l){x^ + l)+\ 

\ +8x=^/2 (x + 1) v/2^q^ J , Vx > 0. (36j 
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22. For DsNi(a, b): We can write DsNi{cL,b) = bgsNi where 
gsm {x) = fs{x) - /jvi (x) ■ 1^ ^'^ fVx + l 



\ 2 



This gives 



„ . . 8x^/2 + + 1) v/2^^ 
9^N. (^) = r^-^ / , > 0, Vx > 0. 



23. For Dan2(cI, b): We can write DAN-^ifl^b) = bgAN2 where 



gAN2\x) = Ja[x) - JN2{X) = — ■ ' 



This gives 

24. For DAG(a-, b): We can write DAG{ci,b) — hgAG (ct/^); where 



2 



This gives 

25. For DAH(a, b): We can write DAH{(i,b) = bgAH where 

gAH{x) = fA{x) - Mx) = ^ - ^ = 

This gives 

4 

= , , ,,3 > 0, > 0. 
[x + l) 

26. For DN2Ni(a, b): We can write Di^^isi^{a,b) = bgNiNi {d/b), where 
gN2Ni{x) = fN2{x) — fNi{x) — ■ ' ^ 



This gives 

(a; + 1) - (^3/2 + 1) 



9n2Ni{^) — 



8x3/2 + 1) V2a; + 2 
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From dUD, we have (x + 1) ^ ( ) ^2x + 2. This gives 




(x+ l)V22; + 2 - + 1) 



= (x + 1) V2x + 2 - (Vx + 1) (x - + l) 




^ (/r + 1) > 0, Vx > 0. 



This proves that g"fq^j^^{x) > 0, Vx > 0. 
27. For DsG(a, b): We can write DsG{cL,b) = bgsc {(^/b), where 



9s{x) = fs{x) - fcix) = y — Vx. 




This gives 



4x^/2 + V2x2 + 2 (x2 + 1) 



> 0, Vx > 0. 



(42) 



4x3/V2x2 + 2 (x2 + 1) 



The convexity of the expressions given in parts 20-27 is aheady given in [TT] but we 
have written them again because we need them in the next section. 

3 Sequences of Inequalities 

In this section we shall bring sequence of inequalities based on the differences arising due 
to ([H]). The results given in this section are based on the applications of the following 
lemma 

Lemma 3.1. Let fi, /2 : / C M+ — )■ M 6e two convex functions satisfying the assumptions: 




a ^ ^ ^ /3, /^'(x) > 0, 




for all X > then we have the inequalities: 



for all a,b & (0, oo), where the function '^(■){a, b) is as defined in Lemma 2.1. 
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Remark 3.1. From the above lemma we observe that 

V{x) = M2{x) - fi{x), Vx > 0. 

This gives r]{l) = r]'{l) = 0. In order to obtain (3, let us consider ri"{l) = 0. This gives 
(5 = /"(1)//2(1). We shall use this argument to prove the results given in the theorem 
below. 

Theorem 3.1. The following sequences of inequalities hold: 



1 ^ . r iDp,u 



5-DSP4 ) \ -fDp^p^ 
^ ADn.j,, ^ ^Dn,g ^ Dag ^ ^Dan, ^ \dp^g ^ 
^ Dp.^N, ^ Idp^n, ^ \dp^n, ^ 2Dp,A, (43) 



DsA ^ \ f ^^"^ 1 ^ losr,. ^ \ !^^^^ 1 ^ Idp^h (44) 



lDsN:i J 3 ^ [ 2^3G I 5 



and 



I l^'j;^'^ ] ^ { 1?.'^'^ I ^ Idp,p, ^ Idp,,, ^ Dp,s ^ D,a. (45) 
I ^Dp^Pi J I ^Dp^p^ J 7 9 

Proof. We shall prove each part separately. 

1. For Dpgp, ^ fDpgP^: Let us consider the function 5(pgPj_pgP2(x) = fp^p^{x)/fp^p^{x), 
where /p^p^ (x)and fp^p^{x) are as given by (l23l) and (l22i) respectively. This gives 

PPePi-PePi - gPePi-PaPii^) - -JT, 7TT - o- 

JP6P2y^) 



In order to prove this part we shall show that -^Dp^p^ — Dp^p^ ^ 0. We can write 

4„ „ , „ /a^ 

3' 



-,pP6P2 - DpeP^ = bfp^p^_Pf,p^ 1^- 



where 

lPeP2-PePAX) - 3/P6P2 W - fp.pAx) - (3,3 _^ 1) (^3,2 ^ 1) • 

Since fpfiP2.PePi{x) > 0, Vx > 0, x 7^ 1, hence proving the required result. 
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For Dpgp^ ^ 6Dsa: By considering the function gPeP.,_sA{x) = fp^p^{,x)/f'sA{x), 
where f'p^p^{x) and /^^(a:) are as given by fl22|) and fl35|) respectively, we get j3p^p^_sA '- 
gPePi-SAi^) = 6. We can write 



GDsA — Dpgp^ — bfsA.P6P2 



67' 



where 

fsA.PeP2ix) = QfsAix) - fp,P,{x) = (^2 ^ 1) ' 

with 

A;2(x) = 3V2x + 2 (x + 1) (x^ + l) - (4x^ + + Qx"^ + 5x + 4) . 
Now we shall show that k2{x) > 0, Vx > 0, x ^ 1. Let us consider 

h2{x) = 3V2x + 2(2; + l) {x^ + l) ^ - {4x^ + 5x^ + Gx"^ + 5x + 4)\ 

After simplifications we have 

h2ix) = {2x^ + Ax^ + 3x^ + 4x + 2) (x - 1)^ . 

Since h2{x) > giving k2{x) > 0, Vx > 0, x 7^ 1. Thus we have /pgPa-PeAl^) > O5 
Vx > 0, X 7^ 1, thereby proving the required result. 

Argument: Let a and b two positive numbers, i.e., a > and b > 0. If a'^ — b'^ > 0, 
then we can conclude that a > b because a — b = (a^ — b'^)/{a + b). We have used this 
argument to prove k2{x) > 0, Vx > 0, x 7^ 1. We shall use frequently this argument 
to prove the other parts of the theorem. 



For DsA ^ |Dsh: This result is already appearing in f fTTl) . 
For DsH ^ f Dah: This result is already appearing in ffTTj) . 

For Dah ^ fDpeNa: By considering the function gAH.PeN2ix) = fAHi^)/fp6N2(^) 
we get /3AH.P(iN2 = gAH.PeN2{^) = |, where /^j^(x) and fp^N2i^) are as given by (j40| 
and f|T7|) respectively. We can write 



-Dp^N^ — Dah = b fp^N2-AH 



where 



with 



fPeN2-AH{x) = ^fPeN2{x) - fAH{x) - ^^^^^ 



g.^6-2V^7 .J^r^y-^j 18(X + 1)' 



k^{x) = 7x2 ^ig^^Y - 4V2x + 2 (v^ + 1) (x + 1) 
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Now we shall show that k^{x) > 0, Vx > 0, x ^ 1. Let us consider 



h^ix) = {7x^ + 18x + 7) ^ - 4V2x + 2 (v^ + l) {x + 1) 



After simplifications we have 



hix) = (17x2 + 4a;^/2 + 38x + 4^^ + 17) {^/x - 1^ . 



Since /i5(x) > giving k^i^x) > 0, Wx > 0, x ^ 1. Thus we have fpf^P2_AH{,x) > 0, 
Vx > 0, x 7^ 1, thereby proving the required result. 

6. For Dah ^ fDpgNg: By considering the function gAH.Pf,Ni{x) = fAH{x)/fp^j^.^{x), 
we get /3ah.P6N3 = gAH.PeN3{l) = f , where /^^^(a;) and fp^N-ii^) are as given by (j40]) 
and ffTSjl respectively. We can write 



Since fpeNs^nix) > 0, Vx > 0, x 7^ 1, hence proving the required result. 

7. For Dah ^ iDsP4: By considering the function gAHjspA^) = fAH{^)/fsPi{^)^ we 
get (3ah.sp4 = 9AH.sPii^) = |, where /^j^(x) and f'sp^ix) are as given by and 
033]) respectively. We can write 




where 



fp6N3.AH{x) 



6 
7 



fPeNaix) - fAH{x) 



18(x + 1)' 




where 



fsP4^H{x) = -fspA^) - fAH{x) 



kj{x) 



10 (x + 1) (v^+ 1) 



2 ' 



with 



kj{x) = 4(x + 1) V2x + 2 (v^+ 1)^ 

- ^ ;^Q^5/2 ^ ^7^2 + + lox (v^ - 1) % lOv^ + 5 



Now we shall show that k'j{x) > 0, Vx > 0, x 7^ 1. Let us consider 



h^{x)= 4(x + l) V2x + 2(v^+l)^ 

- 5x3 ^ ^Q^5/2 ^ ^7^2 ^ ^ (y;^ _ + 5 
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After simplifications we have 

hr{x) = {7x^ + 70x^/^ + 201x^ + 340x^/2 + 201x + 70^/x + 7) {^/x - if 

Since hj{x) > giving kj{x) > 0, Vx > 0, x 7^ 1. Thus we have fsP4,.AH{.x) > 0, 
Vx > 0, x 7^ 1, thereby proving the required result. 

For DpgNa ^ ifDpgNi: By considering the function 5fpgAr3.PgAr^ (x) = f\N,i.^) / .fp^N^i,^ 
we get l3pgNs-P^N^ = fi'P6iV3.P6iVi(l) = if' where fp^Nsi^) and fp^N^{x) are as given by 
ffTS]) and ffn?]) respectively. We can write 



PuN-s - bfpgNj.PeN3 (^-^^ 



where 

JPeNLPeNsiX) - —JPeNA^) ' JP(,nA^) - 3Q (3; + 1) ' 

Since fpeNLPaNsix) > 0, Vx > 0, X 7^ 1, hence proving the required result. 

ForDpgN3 ^ iDpeP4 : By considering the function 5(pg7V3.PgP4(x) = fp^Ni{^)/fkpS^ 
we get Pp^N-i-P^Pi = 9P6Nz.p^PiiX) = |, where f'p^Nsi^) and fp^p^{x) are as given by 
( ITS]) and ([21]) respectively. We can write 



2^P6P4 - Dp^Kiz - bfpgP^_p^N3 (-^j 

where 



-f ^ \ ^ \ f ^ \ ^/x{^/x—l) 
JP6P4-P6Ns{^) - l^JPePAX) - JPaNA^) " „ , ^ , ,,2 



3^^^^^^^ ^^^^'^^ ^ 3(y^+lf(x + l) 

Since fpeP4,.PfiN.,{x) > 0, Vx > 0, x 7^ 1, hence proving the required result. 

For DsP4 ^ fDpeNi : By considering the function 5f5P4_Pgjv^ (x) = fsp^{x)/fp^N^{x), 
we get PsPi.p^Ni = gsPi-Pemi^) = f, where f'sp^ix) and fp^N^ix) are as given by 
(133|) and (fT9|) respectively. We can write 



^^PeAfi - DsPi — h fpQNx_sp^ ^-j 



where 



with 



fp6Ni.SPi{x) — -fpeNiix) - fspA^) — — ~r7= "2' 

5 4(x + l)(v^+l) 

fcio(x) = 3x^ + 4x^/^ + 9x^ + 4x (a/x - l)^ + 9x + 4a/x + 3 

2 



- 2V2x2 + 2 (x + 1) (v^ + 1) 
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Now we shall show that kiQ{x) > 0, Vx > 0, x 7^ 1. Let us consider 



hio{x) = 3x^ + 4x^/2 + 9x^ + Ax {y/x - l)^ + 9x + Ay/x + 3 



2 V2x2 + 2 (x + 1) (v^+ 1)^ 



After simplifications we have 



hio{x) = {^/x- ly 



4 f x^ - if + 4x3 + 20x^/2^ 
+78x2 ^ 20x^/2 + 4x + (2v/i - 1^ 



Since hio{x) > giving fcio(x) > 0, Vx > 0, x 7^ 1. Thus we have fpgNi.sP4,{x) > 0, 
Vx > 0, X 7^ 1, thereby proving the required result. 

For DsP4 ^ fDpgP^ : By considering the function gsp^.PepAx) = fsPii.^)/fKpS^)^ 



we get /?5P4-P6P4 = fl'SP4.P6P4(l) = f > where /5P4(2^) and fp^p^{x) are as given by ((33 
and fl2T]) respectively. We can write 



-jDp^P^ - Dsp^ — bfpgp^_sp^ ^-^j 



where 



with 



5 

fPePi-SpA^) = -jfPePiix) - fsPi 



X] 



ku{x) 



14 (x + l)(Vi+l 



v2 ' 



fcii(x) = lOx^ + 20x^/2 + 26x2 + 26x + 20v^ + 10 
- 7V2x2 + 2 (v^ + 1)^ (x + 1) . 

Now we shall show that kii{x) > 0, Vx > 0, x 7^ 1. Let us consider 
/iii(x) = (lOx^ + 20x^/2 ^ 26x2 + 26x + 20^/^ + lO)^ 
- 7\/2x2 + 2 (V^ + 1)^ (x + 1)1 \ 



After simplifications we have 



/iii(x) 



2(v^-l)'( 



4 x^ + 8x^/2 ^ 94^3 ^ 264x^/2^ 

+386x2 ^ 264x^/2 ^ 94^ ^ ^ ^ 



Since /iii(x) > giving fcii(x) > 0, Vx > 0, x 7^ 1. Thus we have /p6P4_5P4(x) > 0, 
Vx > 0, X 7^ 1, thereby proving the required result. 
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12. For DpgN2 ^ fDpeG : By considering the function ^Pg7V2_PgG(a:) = fp^N2(x)/fp^Q{x), 
we get /3p^N2.PeG = gp^N^-P^ciX) = i where f'p^Nii^) and fp^ci^) are as given by 
f|T7|) and fl20|) respectively. We can write 

3 /a 

'^^PgG - DpgN2 = bfpgG.PeN2 (^"^ 



where 



with 



fPeCPeNzi^) — -^fPecix) - fpeNii^) — JT^p"^' 



kuix) = V2x + 2 (v^ + l) (x + 1) - (x^ + 1 + 3x^/^ + 3v^) . 

Now we shall show that k^lx) > 0, Vx > 0, x 7^ 1. Let us consider 

r 1 2 2 

/ii2(x) = \/2x + 2 1) (x + l) - (x^ + 1 + 3x^/2 + 3yx) . 

After simplifications we have 

/ii2(x) = (v^x - 1)^ (x^ + 2x^/^ + X + 2v/x + 1) . 

Since h^i^x) > giving ki2{x) > 0, Vx > 0, x 7^ 1. Thus we have /pgCPe (^) > O5 
Vx > 0, X 7^ 1, thereby proving the required result. 

13. ForDpgNi ^ fDpeG: By considering the function 5(pgAr^_PgG(2;) = Ip^nA^) / fkci^)^ 
we get ^PeNiJ'eG = 5'P6iVi-P6G(l) = |, where fp^^M) fkci.^) are as given by 
f|T9|l and fl20|) respectively. We can write 



where 



g-CpgG - Dp^Ni 



fPeCPeNiix) = -fp^G{x) 



PeCPaNi 



iPeNi 



(x) 



i-1)^ 



12 (x + 1) 

Since fpgCPeNiix) > 0, Vx > 0, x 7^ 1, hence proving the required result. 



)//. 



PsGV^J) 



14. For DpgP4 ^ |DpgG: By considering the function 5fpgP4_pgG(x) = fp^p^ix 

we get l3p^p^_p^G = gp^Pi.p^GiX) = i, where fp^p^{x) and f'p^Gi^) are as given by (gH) 
and (12n|l respectively. We can write 



7 

g-DpgG - -DpgP4 = bfp^G-PePi ("^ 



where 



7 

fPeCPePA^) = QfPecix) - fp,P^{x) 



12(x + 1) 

Since fpeG.PeP4,{x) > 0, Vx > 0, X 7^ 1, hence proving the required result. 
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15. For DpgG ^ fDpsH: By considering the function gp^G.PsH{.x) = /pgG(^)//p5H(^) 
we get Pp^cp^h = gp^cp^HiX) = |, where fp^ci^) and fp^ni^) are as given by 1^ 
and fl29|) respectively. We can write 

-^Dp^H - DpeG = b fp^H.PeG [j^ 



where 



6 

fPsH.PeG{x) = -fp,H{x) - fp.cix) 



5 (x + 1) 

Since fp^H^Peci^) > 0, Vx > 0, x 7^ 1, hence proving the required result. 

16. For DpgG ^ 2DAP4: By considering the function gPf^cAP^x) = fp^ci^) / f'lpii^) 
we get f3p^G.AP4 = gPeG^pA^) = 2, where fp^ci^) and fAP^{x) are as given by 
and respectively. We can write 



2D 



AP4 



D 



PaG 



AP4-P6G 



where 



AP4-P6G 



(x) = 2/ap4(x) - fp.cix) 



X u/x 



(v/i + 1)' (x + 1) 

Since f APi^PaG^x) > 0, Vx > 0, x 7^ 1, hence proving the required result. 

17. For Dp^H ^ IODN2N1: By considering the function 5(pgH.Ar2Afi (a;) = fpsHi^)/fN2Nii^)y 
we get /3p^^H.N2Ni = gPsH.N2Ni{l) = 10, where fp^ni^) and f'N^Nii^) are as given by 
f l29|) and (j4T|) respectively. We can write 



lOD 



N2N1 



Dp., 



PsH 



N2N1.PSH 



where 



with 



fN2Ni.Pr,H{x) = 10fN2Ni{x) - fp,H{x) 



knix) 



2(v/^+l)'(x + l) 



kn{x) = 5V2x + 2(v^+ l)^(x+ 1) 

- (7x^ + 20x^/2 + 37x2 ^ 32^3/2 ^ ^ 20^^ + 7) . 

Now we shall show that kn{x) > 0, Vx > 0, x 7^ 1. Let us consider 

hn{x) = [5V2x + 2(v^+ l)^(x + l)j^ 

- (7x^ + 20x^/2 + 37x2 ^ 32^3/2 ^ 37^ ^ + 7)^ 
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After simplifications we have 

hir{x)-[Vx I) +126x2 + 120x3/2 + 72x + 24yi + 1 ■ 

Since hij{x) > giving kn{x) > 0, Vx > 0, x 7^ 1. Thus we have fN2Ni.P5H{x) > 0, 
Vx > 0, X 7^ 1, thereby proving the required result. 

18. For Dap4 ^ 6DN2N1 : By considering the function 5f^P4_Ar27V^ (x) = fAP^{x)/f'^^i^^{x), 
we get l3APi.N2Ni = 9APi.N2N^{^) = 6, where f'ip^ix) and f^^N^ix) are as given by 
fl34|) and fj4T|) respectively. We can write 



QDn^N^ — Dap^ — b fN2Ni.AP4 (j^^ ) 

where 

fN2Ni.APi{x) = QfN2N^{x) - fAPiix) = ^^^^^ 

2(v^+l) 

with 

A:i8(x) = 3V2x + 2 {^/^ + if - 2 {2x^ + 7x^/2 + 6x + T^x + 2) . 
Now we shall show that A;i8(x) > 0, Vx > 0, x 7^ 1. Let us consider 



2 

/iisfx 



3 V2x + 2 (v^ +1)^ ' - (4x^ + 14x^/2 + I2x + 14v^ + 4)^ 



After simplifications we have 

/ii8(x) = 2 (v^ - 1)^ (x^ + 2x^/2 + 2^ + 1) . 

Since hi^{x) > giving ki^i^x) > 0, Vx > 0, x 7^ 1. Thus we have fN2Ni.AP4{x) > 0, 
Vx > 0, X 7^ 1, thereby proving the required result. 

19. For DN2N1 ^ |Dn2G : This result is already appearing in f lTT]) . 

20. For DN2G ^ |Dag : This result is already appearing in ffTTj) . 

21. For Dag ^ 4Dan2 • This result is already appearing in f lTTj) . 

22. For Dan2 ^ I^p^g ■ By considering the function gAN2.P5Gix) = fAN2(^)/fp5Gi^)^ 
we get PAN2-P5G = fi'yiAf2-P5G(l) = |, where fANii^) and f'p^ci^) are as given by ([38]) 
and fl28|) respectively. We can write 



^-DpsG - DaN2 — bfAN2.P5G (^-^ 



20 



where 

fAN2-pM^) = IfPrMx) - Jan-Ax) - ^"^"^^^^ 



with k22{,x) = kis{x) > 0, Vx > 0, x 7^ 1. Thus we have fN2Ni.AP4,{x) > 0, \/x > 
0, X 7^ 1, thereby proving the required result. 

23. For DpgG ^ fOpsNi: By considering the function ^rpgC-PsA^i (2;) = fp^Gix)/fp^Niix), 
we get Pp^cp^m = gPsCPsN^il) = |, where fp^cix) and /p^nA^) are as given by 
(!28|) and (!27|) respectively. We can write 



2^P5Ni - Dp^G — bfp^G.P5Ni 

where 



fp^CPr^NAx) = ^fPsCix) - fp,N^{x) = ^^^^^^ • 

Since fp^cPsNiix) > 0, Vx > 0, x 7^ 1, hence proving the required result. 

24. ForDp^Ni ^ fDpsNa: By considering the function 5(p5iv^_P5iV3(x) = .f%NA^)/fkNA^)^ 
we get l3p.^Ni.P5N3 = gPsm-PsN^i^) = |, where fp^^N^x) and fA^Nsi^) are as given by 
(127|) and (126|) respectively. We can write 

-DpgATg - Dp^Ni = bfp^Ns-PsNi (^-^ 

where ^ 

fp5N3.P5Ni{x) = -fp^N-i{x) - fp^Niix) = _^ ]^ ■ 

Since fp^Ns^PsNiix) > 0, Vx > 0, x 7^ 1, hence proving the required result. 



25. For DP5N3 ^ ^DpgNa : By considering the function 5(p5Ar3_P5Ar2(x) = fp^N^^)//^ 
we get l3p^Ns-P^N2 = gp^NiJ'sNii^) = f , where fp^N^x) and fp^N^^) are as given by 
(12^ and (12^ respectively. We can write 



10 /a\ 

— DpgTv^ - DpgATg = b}p^N2-PsN-i \ 



where 

JP5N2-P5N-AX) — -TrlPsNiKX) - JPsArgl^Xj - — 3, 

9 18(v^+l) 

with 

hsix) = 2 (4x2 + 9x^/2 + 14x + 9v/x + 4) - 5V2x + 2 (v/x + l)^ 
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Now we shall show that k25{x) > 0, Vx > 0, x 7^ 1. Let us consider 

/i25(x) = [2(4x2 + 9x3/2^14x + 9v^ + 4)]^- 5V2x + 2 (v^ + l)^ . 

After simplifications we have 

/i25(x) = 2 (v^ - 1)^ (7x2 ^ 22x^/2 ^ 32a; + 22^/^ + 7) . 

Since h2^{x) > giving k25{x) > 0, Vx > 0, x 7^ 1. Thus we have fp^^^_p^N.^{x) > 0, 
Vx > 0, X 7^ 1, thereby proving the required result. 

26. For DP5N2 ^ fDpsA : By considering the function ^P5Ar2_P5A(a;) = fp^N2i^)/fpsAi^)^ 
we get l3p^N2-P5A = gp^N^-P^AiX) = where fp^Ni^x) and /p^^lx) are as given by 
fl2S]) and flM|) respectively. We can write 



Dp^^A - Dp^Ni - bfp^A.PsN2 (^^) , 



where 



with 



fp5A.P5N2{x) — -fPsAix) - fpsNii^) — , , \.2' 
^ 4 (Vx + 1) 



A;26(a;) = V2x + 2 (v^ + l) - (x + 1) (x + 6^/^ + l) . 
Let us consider 

h26{x) = V2x + 2 (v^ + 1)^ ^ - [(a: + 1) (x + G^x + l)]^ 

After simplifications we have 

h2e{x) = {Vx - lY (x + 1) (x + 4v^ + l) . 

Since h26{x) > giving k2e{x) > 0, Vx > 0, x 7^ 1. Thus we have fp^A.P5N2{x) > 0, 
Vx > 0, X 7^ 1, thereby proving the required result. 

Parts 1-26 prove the sequences of inequalities appearing in 



27. For DsA ^ |Dsn2 • This result is already appearing in fITT]) . 

28. For DsA ^ fDsNg : This result is already appearing in flTTj) . 
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29. For D 

SN2 ^ fDsNi : By considering the function gsN2-SNi{x) = f'sN2^^) / f'sNxi^)^ 



we get l3sN2-SN^ = 9sN2.SNiil) = q, where f'sNii^) and f'sNii^) are as given by ([36 



and fl37j) respectively. We can write 

5 



where 



with 



„ DsNi — DsN2 — b fsNi.SN2 \ , / ; 

V 0/ 



5 1 

fsNi.SN2{^) = -^fsNiix) — fsN2{^) ^ 24 ^ ^29(3;), 



k2g{x) = 6 (v^ + 1) V2x + 2 - 2 V2x2 + 2 + 5 (v^ + 1) 



In order to prove k29{x) > 0, Vx > 0, x 7^ 1, here we shall apply twice the argument 
given in part 2. Let us consider 



h29{x) = [e {y/x+ 1) V2x + 2] -2 [V2x2 + 2 + 5 (v^ + 1) 
= 39x2 _^ 4^^^3/2 _^ 3^ _ 1) 2 ^ 4iy^ + 39 

-20 (v^+ l)V2x2 + 2. 
Applying again over h29{x) the argument given in part 2, we get 

h2gaix)= 39x2 +41x^/2 + 3/? (Vx-l) ^ 4^^;^ ^ 39 



- 20 (v^+ l) V2x2 + 2 
= (Vx - 1)^ (721x2 + 3116x^/2 ^ 4806a; + 3116v/x + 72l)^ . 

Since /j.29a(2^) > giving h29{x) > 0, Vx > 0, x 7^ 1 and consequently, we have 
^29(2^) > 0, Vx > 0, X 7^ 1. Thus we have fsNi.sN2{x) > 0, Vx > 0, x 7^ 1, thereby 
proving the required result. 

30. For DsNa ^ f Dsni : This result is already appearing in ( [TT|) . 

31. For DsNi ^ iDpeG : By considering the function gsNi.PeG{x) = fsNS^)/!^^^)^ 
we get ^sTVi-PeG = ^S7Vi.P6g(1) = \, where fsN^{x) and fp^ci^) are as given by ([3 
and fl20|) respectively. We can write 



2^P6G ~ DsNi — bfp^G-SNi y^j ■• 



where 
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with 



ksiix) = Sx^ + 22: + 3 - 2 (x + 1) V2x^ + 2. 



Now we shall show that k^iix) >0, Vx>0,X7^1. Let us consider 



hsiix) = {3x^ + 2x + 3) - 2(x + l)V2x2 + 2 



After simplifications we have 



/l3l(x) = (x - 1)"^ . 



Since h^i^x) > 0, giving k^i^x) > 0, Vx > 0, 2; 7^ 1. Thus we have fpf^G-SNii^) > 0, 
Vx > 0, x 7^ 1, thereby proving the required result. 

32. For DsNi ^ f Dsg : This result is already appearing in ( 1TT|1 . 

33. For Dsg ^ fDp^H : By considering the function gscp^Hix) = /5g(^)//p5//(^)' we 
get PscPsH = gscp^ni^) = f , where f'scix) and f'p^ni^) are as given by 1^ and 
f l29|l respectively. We can write 

4 /a 
'^^PsH — Dsg = bfp^H.SG yj^ 



where 



with 



fp,H.SG{x) = -fp,H[x) - fsG{x) = ^ 



kssix) = 2 (ax^ + 5x^/2 + llx^ + 3x (Vx - 1) V llx + SVx + 4) 
- 5 (x + 1) (v^+ 1)^ V2x2 + 2. 

Now we shall show that A;33(x) >0, Vx>0,X7^1. Let us consider 



hssix) 



2 (4x3 + 5^5/2 ^ ^^^2 ^ 3^ j^y^ _ 1)^ + + + 4 
5 (x + 1) (Vx + l)V2x2 + 2 



After simplifications we have 



^33(3^) 



2 



4 7x^ + 8x^/2 ^ g4^3 ^ 120x^/2+ 

+242x2 + 120x=^/2 ^ 54^, ^ + 7 i ' 



Since /i33(x) > 0, giving A;33(x) > 0, Vx > 0, x 7^ 1. Thus we have fp^H.SG{x) > 0, 
Vx > 0, X 7^ 1, thereby proving the required result. 

Parts 27-33 prove the sequences of inequalities appearing in 
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34. ForDpgP, ^ ^Dp^p^ : By considering the function 5(pgp^_P5P2(x) = fp^p^{x) / fp^^p^{x), 
we get I3p^p^_p.^p^ = gp,,p^_p,,p^{l) = f , where fp^p^{x) and fp^p^{x) are as given by 
f l23|) and fl3T]) respectively. We can write 

16 / (x^ 

-^DP5P2 - DpePi = bfpsP,_PePj_ 

where 

16 

fPsP2-P6Plix) = y/p5P2(2^) - fp,P,{x) 

^ 1^ +180x^/2 ^ 142^2 ^ Q4^3/2 ^ 23x + lOv^^ + 7 
9(x2 + l)(x3 + l)(y^+l)^ 
Since fp^p^_p^p^{x) > 0, Vx > 0, x 7^ 1, hence proving the required result. 

35. ForDp^p, ^ ffDp^p^ : By considering the function 5(p5P^.PgP2(x) = fp^^p^{x) / f'p^p^{x) , 
we get Pp^p^_p^p^ = gp,,p^_Pf,p^{l) = jf, where fp^p^{x) and fp^p^{x) are as given by 
(IHTj) and ([22]) respectively. We can write 

Y^Dp^P^ - Dp^p^ = bfpgp^_p^p^ ^- 

where 

13 

f PeP2-PzPl{x) = Yj^fP6P2i^) - fPsPli^) 

. ^ _ , 4 / x^ + 30x^/2 ^ 39^,4 ^ 152x7/2 + isix^+ 

~ i20^277y^^^:^7y^^^^q:7j^ ■ 

Since fpeP2-P5Pi{x) > 0, Vx > 0, x 7^ 1, hence proving the required result. 

36. For Dp^p, ^ ^Dp^p^ : By considering the function 5fp5P^_P5P2(x) = fp^^p^{x) / fp^^p^{x), 
we get I3p.^p^_p.^p^ = gp,,p^_pr^p^{l) = f , where fp^p^{x) and fp^p^{x) are as given by 
( 132|) and (13T|) respectively. We can write 

-^Dp^^P^ - Dp^p^ = bfp^p^_p^p^ ^-j , 

where 

13 

^ _ 4 / 4x5 + 16x^/2 ^ 443,4 ^_ gg^7/2 ^ 1393,3^ \ 

~ V +162x^/2 ^ 1393,2 ^ gg3.3/2 ^ igy^ + 443. + 4 J 
~ 9(x2 + l)(x3 + l)(y^+l)' ■ 

Since fp^p^_p^p^{x) > 0, Vx > 0, x 7^ 1, hence proving the required result. 
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37. For Dpgp^ ^ y'^f^Fs '■ By considering the function 5(pgP2_P5P3(x) = fp^p^ix) / fp^^p^{a 
we get l3p,,P2_p,p, = ^PePa-PsPall) = where fp^p,{x) and fp^p,{x) are as given by 
f l22|) and fl30|) respectively. We can write 

y-Dp^Pg - /^PgPa = h fp^p^_p^p^ (^z 



where 



16 

/P5P3-P6P2 (^) = -^fPsPaix) - fpeP2{x) 



_ ^^"^ ~ ^ V +38a;' + 22a;3/2 + 17^ + 7^ + 5 ) 
~ 7 (x2 + l)(x3 + l) (7^+1)2 ■ 

Since f p^p.^_Pf,P2{x) > 0, Vx > 0, x 7^ 1, hence proving the required result. 

38. For Dp^p^ ^ fDp^Pa : By considering the function 5rp5P2_P5P3(x) = fp^p^{x) / f/,^p^{x), 
we get [3p,^P2_p^p^ = fifp5P2_pgP3(l) = |, where fp^^p^ix) and fp^p^ix) are as given by 
(13T|) and (130|) respectively. We can write 

Y^PsPa ~ DP5P2 = bfp5P3_PsP2 (^-^j , 



where 



9 

fp^P3-P5P2{x) = -fp^p^{x) - fp^P^ix) 



4/2x3 + 6x^/2^16x2+ \ 
^Wx 1^ +21x3/2 + 16X + 67^ + 2 

7(x2 + l)(x- v/i+l)(v/i+l)' 
Since fp^p^_p^P2{x) > 0, Vx > 0, x 7^ 1, hence proving the required result. 

39. For DP5P3 ^ ^Dp3N2 : By considering the function 5(p5P3.PgAr2 (x) = fp^p^{.x) / fp^^^{. 

we get l3p.^p^_p^N2 = gPz,P-i.P%N2iX) = T' ^^^^^ f'kPi^^) fpeN2(^) a'^e as given by 
(|5U]) and (fT7|) respectively. We can write 

9 „ „ , „ /a' 

-6. 



;Dp^N2 - Dp^p,, = bfpgN2-P5Pi 

where 



14 

fP5P3-P&N2{x) = —fpeN2ix) - fp^p^{x) 



\4 



X" + 268x^1/2 + 1143x5 + 782x^/2+ 



(v/x - 1) I +2597x^ + 2014x^/2 + 4478x3 + 2014x^/2+ 
+2597x2 + 782x3/2 + ll43x + 268 v/x + 1 

18(x3 + l)(v/^+l)' 
Since fp(iN2-P5P-Ax) > 0, Vx > 0, x 7^ 1, hence proving the required result. 
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For DpgN2 ^ fDpgS : By considering the function 5(pgAr2.Pg5(x) = fp^N.Ax)/f'p^s{x), 
we get ^PeN2.PeS = 9PGN2.P6si^) = f, where fp^N2i^) and fp^si^) are as given by 
f|T7|) and f|T6|l respectively. We can write 

^^P65 - -DpgATa = bfpgS.P6N2 (^-j^ 



where 



with 



JPeS.P^N2{x) = -fP(,s{x) - Jp.N^ix) = X 



A;4o(a;) = 2V2x + 2 (v^ + l) (x + 1) + lOx^ + 10 - 9 (a; + 1) V2x^ + 2. 

In order to prove A;4o(x) > 0, Vx > 0, x 7^ 1, we shall apply twice the argument 
given in part 2. Let us consider 



hio{x)= 2V2x + 2 (v^ + 1) (x + 1) + lOx^ 
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9 (x + 1) V2x^ + 2 



= 40 V2x + 2 (v^ + 1) (x^ + 1) (x + 1) 

- 46x^ + 8 (x + 1)^ (Vx - 1) V 260x3 + 28x2 + 260x + 46 

Applying again over /i4o(x) the argument given in part 2, we get 



40\/2x + 2 ( + 1) (x^ + 1) (x + 1 

46x^ + 8 (x + 1)3 (v^ - 1) V 260x3 + 28x2 + 260x + 46 

71 + 2316^/x + 11960x^/2 ^ 4090^; + 11960x^/2^ 
4 (v^ - 1)* I +11180x3/2 + 2316x^1/2 _^ mgOx^/^ + 12021x^+ 
+12021x2 + 6004x3 + 4090x^ + 71x6 



Since hiQa{x) > giving /i4o(x) > 0, Vx > 0, x 7^ 1 and consequently, we have 
A;4o(x) > 0, Vx > 0, X 7^ 1. Thus we have /peS_P6Ar2 (x) > 0, Vx > 0, x 7^ 1, thereby 
proving the required result. 

For Dpgs ^ Dag : By considering the function gPf^s^dx) = fp^si^)/fAGi^)^ we 
get l3p^s.AG = gPfiS.AG{^) = 1, where f'p^si^) and fici^) are as given by ([16]) and 
(fT7|) respectively. We can write 



Dag-D 



PeS 



AG.PaS 



bJ ' 



where 



fAG.Pes{x) = fAG{x) - fpes{x) = 7rr~\\^ 

2 (x + 1) 
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with 

hi{x) = V2a;2 + 2 {x + 1) - [{x - 1) V 2 (x + 1) ^S] . 
Now we shall show that k4i{x) > 0, Vx > 0, x 7^ 1. Let us consider 

+ 2(x + l) ~[{x-lf + 2{x + l)y/^ 

After simplifications we have 

h4i{x) = [^/x + 1)^ {y/x - ■ 

Since /i4i(x) > 0, giving k^i^x) > 0, Vx > 0, x 7^ 1. Thus we have fAc.Pesi-'^) > 0, 
Vx > 0, X 7^ 1, thereby proving the required result. 

Parts 34-41 prove the sequences of inequalities appearing in fH5|) . 

□ 

Remark 3.2. (i) In view of Theorem 3.1, we have the following improvement over the 
inequalities / flT]) .- 



\DsH ^ \Dah ^ 4D 



N,N, ^ ^Dn,g ^ Dag ^ 4D 



AN2 



DsA^ 



(a) The results appearing Parts 1-4 i bring us some very interesting measures given by 

V,ia,b) = bfkia/b),k = l,2,3A, 



where 



f2{x) 



(x + l)'(x- 1)' 
(x3 + l)(x2 + l)' 

x + 1 ' 
X (\/x — V]^ 



(x + 1) (v/i + 1)^ 



and 



/4(X) 



12 (x + 1) 



The measures Vi{a,b) is due to part 1, the measure ^2(0, 6) is due to parts 6, 8, 13, 
23 and 24, the measure V3(a,6) is due to parts 9 and 16 and the measure V^^a^b) is due 
to parts 14 and 15. 
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4 Connections with Information Measures 



{pi,P2,--,Pn) 



Pi > 0,^Pi = 1 I , n ^ 2, 



i=l 



be the set of all complete finite discrete probability distributions. For all P.Q E r„, the 
following inequalities are already proved by author [9]: 

Idah ^ / ^ 4:Dn,n, < t^N.G ^Dag^4: Dan, ^l-J^T^ (^6) 
2 6 8 Id 

where 



m\Q) = 7; 



4 = 1 



2p^ 



Pi + Qi 



n , 



Pi + (li 



J(P||g) = X]fe-g.)ln f^Y 
i=i V^^^ 



i=\ 



'^^/Mi 



(47) 
(48) 
(49) 



and 



PiQi 



2=1 



(50) 



The measures I{P\\Q), J{P\\Q) and T{P\\Q) are the respectively, the well-know 
Jensen-Shannon divergence, J— divergence and arithmetic and geometric mean diver- 
gence. The measure \I/(P||(5) is symmetric chi-square divergence. For detailed study 
on these measures refer to Taneja [H [9l [TT]. Moreover, Dah{P\\Q) = \^{P\\Q) and 
Dag{P\\Q) = h{P\\Q), where A{P\\Q) and h{P\\Q) are the well-known triangular's and 
Hellinger's discriminations respectively. 

In the theorem below we shall make connections of the classical divergence measures 
given in f l47p - (|5U]) with the inequalities given in f l43p . Moreover the theorem below unifies 
the inequalities and 



Theorem 4.1. The following inequalities hold: 

4 



N2N1 ^ -Dn2G ^ Dag ^ 4:Dan2 



3 



< T ^ — ^. 
16 
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Proof. In view of the inequalities given in f l43p and (146 p . it sufficient to show the following 
three inequalities: 



(i) Dap, ^ f /; 



(ii) Dp,G ^ y-. 

(iii) Dp,,A ^ \T. 



Since in each part of the above expressions we have logarithmic form, we shall apply 
a different approach to show the above three inequalities. 

(i) For Dap4 ^ |l: Let us consider 



^ 123:(3: + 1) 



gAPu[x) = ^„^^^ = ^ 4 , a; 7^ 1, a; > 0. 



Calculating the ffist order derivative of the function gAP4j{x) with respect to x, one 
gets 

, 6(a;3/2-3x + 3v/i-l) 6{^-lf f> 0, x<l , . 

g^p, t[x) = ^ ? = F < (51) 

^ \<0, x>l 

In view of (15T]) . we conclude that the function gAP^jix) is increasing in x G (0, 1) and 
decreasing in x G (1, oo), and hence 

3 

Pap^j = sup gAP,j{x) = gAP^jil) = -■ (52) 
xe(o,oo) ^ 

By the application of Lemma 3.1 with (1520 we get the required result, 
(ii) For DpgG ^ Let us consider 

fhci^) 3v^ (4x^/2 + + x2 - 2x + l) 

gp,G.j{x) = = ^ , • 

Jj[x) A{x + 1) [y/x + 1) 

Calculating the ffist order derivative of the function gpr^G.j{x) with respect to x, one 
gets 

3(v^-l)^(x2 + 8a;3/2 + 6x + 8v/^+l) J>0, x<l 

8V^{V^+lf{x + lf 1<0, x>l ^''^ 



In view of (!53|l . we conclude that the function gp^G.j{x) is increasing in x G (0, 1) and 
decreasing in x G (1, oo), and hence 

3 

/3p5G.j = sup gp,G.j{x) = ^P5G.j(l) = ^- (54) 
xe(o,oo) ^ 
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By the application of Lemma 3.1 with f l54p we get the required result, 
(iii) For Dp^A ^ |T: Let us consider 

_ fpsAi^) _ 2v^ (4a;3/^ + + - 6x + l) (x + 1) 
''''-^^"^ ~ IM' ~ (x^ + l)(v/i+lf • 

Calculating the first order derivative of the function gpr^Ajr{x) with respect to x, one 
gets 

( 8v^(^' + l)(v^-lf + ^ , 

' y+x^ + Ux'^ + lOx^ + Ux+l J j>0, x<l 

V^iV^ + lfix^ + lf 1<0, x>l ^''^ 



In view of we conclude that the function gp^Ajri^) is increasing in a; G (0, 1) and 
decreasing in x G (1, oo), and hence 

^PsA-T = sup gp,A.T{x) = gp,A.T{l) = J. (56) 



By the application of Lemma 3.1 with fl56l) we get the required result. 

Parts (i)-(iii) completes the proof of the Theorem 4.1. □ 

Here we have referred Lemma 3.1, but its extension for the probability distributions 
is already proved in [3 [ID] • 
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